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Abstract—Broadcast algorithms for the interlaced bypass torus networks (iBT networks) are introduced to balance the all-port

bandwidth efficiency and to avoid congestion in multidimensional cases. With these algorithms, we numerically analyze the

dependencies of the broadcast efficiencies on various packet-sending patterns, bypass schemes, network sizes, and dimensionalities

and then strategically tune up the configurations for minimizing the broadcast steps. Leveraging on such analysis, we compare the

performance of networks with one million nodes between two cases: one with an added fixed-length bypass links and the other with an

added torus dimension. A case study of iBTð10002; bb ¼ h8; 32iÞ and Torusð1003Þ shows that the former improves the diameter, average

node-to-node distance, rectangular and global broadcasts over the latter by approximately 80 percent. It is reaffirmed that strategically

interlacing short bypass links and methodically utilizing these links is superior to adding dimensionalities to torus in achieving shorter

diameter, average node-to-node distances and faster broadcasts.

Index Terms—Parallel computing, collective communication, broadcast, network performance, interlaced bypass torus

Ç

1 INTRODUCTION

MASSIVE parallel processing systems [1], [2] continue to
improve and are capable of incorporating millions of

powerful processor cores [3], [4], [5], [6], [7] and of supporting
simultaneous communications over multiple links at the
hardware level [4], [5], [6], [8]. For accommodating such rapid
expansion of systems, the advanced cellular networks like a
3D torus network such as those in the IBM’s Blue Gene [4], [5],
[6] and Cray’s Red Storm [3], [7], [9] are proposed, analyzed
[10], [11], and manufactured. However, the progress is too
slow to satisfy the increasing demands of large-scale
scientific computations for exploring the unknown world
[12]. This stimulates active research in new scalable inter-
connection networks.

An interconnection network is scalable only if it, for a
given node degree, has a small network diameter and small
average node-to-node distance, high bandwidth and simple
topology. The iBT network introduced by interlacing bypass
rings to torus satisfies most of the above conditions and has
improved the performance of the original torus network
[13] from which the iBT network outgrows.

In addition to these node-to-node communication gains,
the collective communications [8], [10], [14], [15], [16], [17],
[18], [19] are also critical for the sustained performance and
scalability of such applications as matrix multiplication, LU-
factorization, Householder transformation and Fast Fourier
Transform (FFT) [20], [21], [22], [23], [24], [25]. Collective

communication algorithms have been widely studied on
clusters [17], [26], [27], [28], [29], meshes and torus networks
[8], [19], [30], [31], [32], [33], [34], [35], [36], [37], [38] recently.
Some of them are automatically tuned [26], [39] and others
are machine-optimized [5], [15], [19], [31], [37], [40].
Particularly, the new parallel architectures like the IBM Blue
Gene with the nodal all-port ability, i.e., a node can
simultaneously communicate with multiple neighbors,
trigger the redesign of the many MPI collective algorithms
for exploiting the architectural merits [8], [15], [30], [38]. For
example, the optimized MPI collective operations improve
the high-performance LINPACK (HPL) [22] efficiency by
6.2 percent over a default implementation [19] and achieved
more effective bandwidth in general messaging [15].

Collective operations include broadcast, scatter, reduce,
gather, and barrier. This paper focused on studying the one-
to-n (n can be many or all nodes) broadcast in which a node
sends the same data to all other n nodes. Broadcast is a basic
collective operation that lays the foundation for many other
collective algorithms. For example, it can be enhanced to
form the scatter operation in which a node scatters its data to
n other nodes. The gather operation, in which a node gathers
data from a group of nodes, is the reverse operation of the
scatter. The reduce-to-one, in which data on all nodes are
reduced to data on a single node, is the reverse operation of
the one-to-many broadcast. Many important global opera-
tions are accelerated at the hardware level. Those operations
include Blue Gene’s barrier interface in the global interrupt
network, and the reduce and allreduce executors in the
collective tree network [41]. Broadcast is extensively utilized
in many applications, for example, in solving linear equa-
tions in LINPACK [22].

In this paper, we assume:

1. An iBT network that supports simultaneous com-
munication over all links [8], [19], [30], [38].
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2. A pipelined k-packet message broadcast, i.e., a
broadcast message contains a sequence of k packets
[32], [33], [36], [42], [43], [44] that are ordered as
pktð1Þ; . . . ; pktðkÞ. These packets are individually
pipelined to the network to multiple destinations.

3. The time for a packet to travel from a node to its
nearest neighbor is defined as one broadcast step. As
soon as all packets arrive, a complete message is
assembled.

4. A broadcast time is measured as the total number of
broadcast steps required to populate all nodes with
the original message.

Our paper considers the design, analysis, and optimization
of the broadcast algorithms and it is organized as follows:
we review the definition of the iBT network in Section 2. In
Section 3, we present the notations and performance
metrics. In Section 4, we present a line broadcast algorithm
for an iBT network and through substantial experiments,
we collect and quantify the dependencies of the line
broadcast efficiency on the packet-sending patterns, net-
work sizes, dimensionalities, and bypass schemes. Also, we
characterize this line broadcast algorithm in terms of these
impacts, while comparing with torus networks. Accord-
ingly, in Sections 5 and 6, we present and analyze the
rectangular and global broadcast algorithms for iBT net-
works. Section 7 presents the discussions and conclusions.

2 INTERLACED BYPASS TORUS

The iBT network [13] is constructed by interlacing bypass

rings to torus A general d-dimensional iBTðnd; bb ¼
hb1; . . . ; bkiÞ network starts from a d-dimensional torus

network TorusðndÞ. The bypass vector bb ¼ hb1; . . . ; bki
indicates the scheme of the added bypass rings, i.e.,

interlacing bi-hop bypass rings ði ¼ 1; . . . ; kÞ recursively

into the d dimensions to generate a new network. This new

network has a node degree of 2dþ 2 where 2d are from the

original torus connections while the additional 2 are from

the bypass links.

3 NOTATIONS AND PERFORMANCE METRICS

3.1 Notations

This paper discusses two network families: iBTðnd; bbÞ and

TorusðndÞ networks. Each node in these networks is related

to a d-tuple coordinate ~x ¼ ðx1; . . . ; xdÞ in which xi 2
½0; n� 1� and i 2 ½1; d�. In the case of a d-dimensional

network, an integer set � based on the coordinates of two

nodes ~x and ~y is defined as: �ð~x;~yÞ ¼ fijxi ¼ yig. The

universe is UðdÞ ¼ ½1; d� and thus �ð~x;~yÞ � UðdÞ. �cð~x;~yÞ
refers to the complement of �ð~x;~yÞ with respect to UðdÞ and

is defined as �cð~x;~yÞ ¼ UðdÞn�ð~x;~yÞ ¼ fijxi 6¼ yig.
An integer set �ði; kÞ is defined as

� i; kð Þ ¼ jjj ¼ iþ lð Þdþ1; 8l 2 �1; k½ �
� �

� U dð Þ;

where ðxÞd ¼ xðmod dÞ. Then j�ði; kÞj ¼ kþ 2 2 UðdÞ, where

i 2 UðdÞ and k 2 ½�1; d� 2�. Particularly, the largest and

smallest sets are�ði; d� 2Þ ¼ UðdÞ and�ði;�1Þ ¼ fig.�cði; kÞ
refers to the complement of �ði; kÞ with respect to UðdÞ.

Property. If i 2 �cð~x;~yÞ, then there exists an integer k 2
½�1; d� 2� such that

�c ~x;~yð Þ � � i; kð Þ: ð1Þ

Here, i 2 UðdÞ. Particularly for a given i, the minimum

integer km that satisfies (1) is defined as

km ~x;~yð Þ ¼ min kj�c ~x;~yð Þ � � i; kð Þf g:

In other words, �ði; kmð~x;~yÞÞ is the minimum superset of

�cð~x;~yÞ. �cði; kmð~x;~yÞÞ refers to the complement of

�ði; kmð~x;~yÞÞ with respect to UðdÞ.
For example, ~x ¼ ð1; 3; 4Þ and ~y ¼ ð4; 3; 2Þ are two points

in iBT ð123; bb ¼ 3Þ so we have �ð~x;~yÞ ¼ f2g, �cð~x;~yÞ ¼
½1; 3�nf2g ¼ f1; 3g and all of the possible �ði; kÞ are

Thus, we see that �ð3; 0Þ is the minimum superset of

�cð~x;~yÞ and thus kmð~x;~yÞ ¼ 0 and �cð3; 0Þ ¼ f2g.

3.2 Performance Metrics

A performance metric of a network, f includes the diameter

(�), average node-to-node distance (�), line (Tx), rectangular

(Txy), or one-to-all (Tall) broadcast time.
To compare performance metrics between iBT and torus

networks of the same network dimensions or node degree,

we define two coefficients as follows.
�ðf ;n; d; bbÞ is a real number defined as the ratio of a

metric f of iBTðnd; bbÞ over that of TorusðndÞ

�ðf ;n; d; bbÞ ¼ 1� fðiBTðnd; bbÞÞ
fðTorusðndÞÞ < 1; ð2Þ

�ðf ;n; d; bbÞ is a real number defined as the ratio of a metric f

of iBTðnd; bbÞ over that of Torusðmdþ1Þ:

�ðf ;n; d; bbÞ ¼ 1� fðiBTðnd; bbÞÞ
fðTorusðmdþ1ÞÞ < 1: ð3Þ

Here, m ¼ nd=ðdþ1Þ in (3).
Actually, �ðf ;n; d; bbÞ or �ðf ;n; d; bbÞ shows the percentage

performance improvement of an iBT network over a torus

that has both the same network size N and the same

dimensions nd or the same node degree 2ðdþ 1Þ in terms of

f . A table of notations and their definitions and examples is

given in Appendix 1, which can be found on the Computer

Society Digital Library at http://doi.ieeecomputersociety.

org/10.1109/TPDS.2012.93.

4 LINE BROADCAST

In Sections 4 to 6, we design and analyze the broadcast

algorithms involving one-to-many and one-to-all operations

in iBT networks. Broadcast in this context involves sending

one identical message from a node (the source) to all other

nodes in a given broadcast group. Upon completion, all

nodes in the group own a copy of this message.
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Depending on the topology on which we broadcast, we

group these broadcast algorithms into three categories: the

line, rectangular, and global algorithms. A line or rectan-

gular broadcast algorithm handles a broadcast group in a

line or a rectangle while a global broadcast algorithm

handles all nodes in the network. The design and analysis

depends recursively on those of the lower dimensional ones.
Furthermore, depending on the message size, we group

the broadcast algorithms into those for single- and multiple-

packet broadcast. Broadcasting a single-packet message

allows utilizing all possible optimal paths to route the

message to the farthest nodes regardless of any packet

contention or network congestion. On the other hand,

broadcasting a multiple-packet message requires a band-

width-efficient algorithm capable of balancing the link

utilization, avoiding packet contention, alleviating the

network congestion and thus maximizing the messaging

bandwidth. The time required to broadcast a short message

depends solely on the network diameter while the time to

broadcast a long message depends both on the network

architecture and the broadcast algorithm. Our algorithms

are designed for multiple-packet or k-packet messages

where k � 2.
Meanwhile, the message size that can be enqueued for

simultaneous communication over all links is also con-

strained by buffer of the participating routers [4], [5], [6].

Blue Gene/L router chip’s processor interface consists of

8 injection and 14 reception queues for a total of 58 KB of

SRAMs and a full-sized packet size is 256 Bytes. On average,

the SRAMs among these queues can allow 10 full-sized

packets per queue, or six normal-priority injection queues

enable sixty packets enqueued per processor concurrently.

Thus, a moderate message size k ¼ 32 was chosen for our

experiments.

4.1 Algorithms

Broadcasting in n-ary d-cube networks, i.e., TorusðndÞ, is the

most similar case to that in iBT networks. Generally, the

broadcast time for a k-packet message along a 1D TorusðndÞ is

TxðTorusðndÞÞ ¼ n=2þ dk=2e � 1: ð4Þ

A node in a ring has two opposing links so an obviously

optimal algorithm is to initiate the packets in the two

reversing orders along two opposing directions from the

source node while all other nodes forward a packet to its

nearest neighbors. This is illustrated in Fig. 1a in the

Appendix 2, which is available in the online supplemental

material. Similarly, we construct a line broadcast algorithm

for the iBT networks. Starting with an assumption: a

message is to broadcast from node~s in the ith dimension,

we have the procedures of a line broadcast.

1. ~s sends a sequence of packets to each of its outgoing
links in the ith dimension in a specific order.

2. A node ~x that satisfies �cð~x;~sÞ ¼ fig forward a
newly received packet to its nearest ith-dimensional
neighbors that has not received it yet.

Sending packets in order means: a link first sends pktð1Þ,
then pktð2Þ, and so on, until pktðkÞ. On the other hand,

sending packets in reverse order means: a link first sends
pktðkÞ, then pktðk� 1Þ, and so on, until pktð1Þ.

However, a node of a 1D iBT network has at most four
links so the optimal decision on selecting packet-sending
orders for these links is not straightforward. We must analyze
the performance dependencies on the packet-sending pat-
terns, network sizes, and dimensionalities (Section 4.2), and
on Tx (Section 4.3).

4.2 Performance Dependencies

Packet-sending patterns. The order of sending packets
through a link is referred to as a link packet-sending order
and it is either in order or in reverse order, whose numerical
representations are digit 0 or 1, respectively.

To identify all of the link packet-sending orders, we assign
the source node of a line broadcast with an integer
IntðpnÞ 2 ½0; 7�. Its 4-binary representation, BinðpnÞ ¼ rRLl,
indicates a corresponding link packet-sending order. Of the
representation, r and l indicate the packet-sending orders of
the right and left torus links while R and L for the bypass
links. For example, IntðpnÞ ¼ 6 ¼ BinðpnÞ ¼ 0110 indicates
sending packets in order through right and left torus links
while in reverse order through right and left bypass links.
This is illustrated in Fig. 1b of Appendix 2, which is available
in the online supplemental material.

Fig. 1 shows the numerical analysis of the dependencies
of TxðiBTð642; bbÞ; sÞ on various values of IntðpnÞ 2 ½0; 7�. bb is
either uniform hb1i or hybrid h4; b1i thus b1 indicating the
longest bypass length. The message is of 32 packets long
hereinafter, unless otherwise stated.

Table 1 compares selected iBT ð642; bbÞ in terms of �, �,
and Tx. Here, TxðiBTð642; bÞ; sÞ are the minima for any
IntðpnÞ 2 ½0; 7� as shown in Fig. 1.

Network sizes. While increasing network sizes N from
2K to 65K, Fig. 2 presents TxðiBTðn2; bbÞ; sÞ for selected
bypass schemes bb 2 fhb1i; h8; b1ig where b1 2 f8; 16; 24g.
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Fig. 1. TxðiBTð642; bbÞ; sÞ versus b1.



Figs. 2a and 2b show the cases for s ¼ 0 and s ¼ 1,

respectively. Here, IntðpnÞ 2 f1; 3; 5; 7g.
Additionally, Figs. 3a and 3b present the diameters � and

average distances � of these iBT networks.
By fitting the data in Figs. 2 and 3, we obtain Tx, �, and �

as functions of network sizes N for 2D iBT with bb 2
fh8i; h8; 32ig as shown in Table 2.

Dimensionalities. While increasing the dimension d from

2 to 4, we present TxðiBTðnd; bbÞ; 0Þ and TxðTorusðmdþ1ÞÞ as

functions of the same network size in Fig. 4. One uniform

bypass schemes 2d and one hybrid scheme 2d; 4d are

selected. Here, IntðpnÞ 2 f1; 3; 5; 7g.
By fitting the data in Fig. 4, we obtain Tx as functions of

network sizes N for iBTðn3; bb ¼ h6iÞ and iBTðn4; bb ¼ h8iÞ as

shown, also, in Table 2.

4.3 Performance Analysis

We compare the line broadcast performance between an iBT
network with a fixed bypass scheme and a torus network,
for a set of networks with increasing sizes. The torus

network has the same network dimensions or the same
node degree as the iBT network. Examining the functions in
Table 2, we introduce �ðf ;n; d; bbÞ and �ðf ;n; d; bbÞ for f 2
f�; �g in Figs. 5 and 6, and for f ¼ Tx in Figs. 7 and 8. Here,
d 2 f2; 3; 4g and bb 2 fh8; 32i; h6i; h8ig.

Analysis of experiments in Section 4.2 leads to the
following.

The line broadcast performance of iBT networks is highly
sensitive to the packet-sending pattern as shown in Fig. 1
and cases IntðpnÞ 2 f1; 3; 5; 7g are more favorable. Fig. A of
Appendix 3, which is available in the online supplemental
material, also illustrates the link utilization of these packet-
sending patterns.

The line broadcast performance of iBT networks also
depends on a node bypass species, i.e., a node always
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Fig. 2. (a) TxðiBTðn2; bbÞ; 0Þ versus N. (b) TxðiBTðn2; bbÞ; 1Þ versus N.

Fig. 3. (a) �ðiBTðn2; bbÞÞ versus N. (b) �ðiBTðn2; bbÞÞ versus N.

Fig. 4. TxðiBTðnd; bbÞ; 0Þ and TxðTorusðmdþ1ÞÞ versus N.

Fig. 5. Performance improvement ð�Þ versus network size N in terms of
� and �.

Fig. 6. Performance improvement ð�Þ versus network size N in terms of
� and �.

TABLE 1
Performance Comparisons of Selected iBT (642; bb)

TABLE 2
Fitting Functions of Tx, �, and � for iBT Networks



broadcasts faster along its bypass dimension. As shown by
Fig. 1, node 0 finishes line broadcast sooner than node 1
because its bypass dimension happens to be the broadcast
dimension. However, this advantage diminishes as the
network becomes larger. For example, in Fig. 2, as the
network size increases from 2K to 65K, the differences
between TxðiBTðn2; bbÞ; 0Þ in Fig. 2a and TxðiBTðn2; bbÞ; 1Þ in
Fig. 2b become negligible.

Besides, the diameter � and average distance �, bypass
schemes per se also determines the line broadcast
performance. As concluded in [13], an iBT network with
extreme bypass lengths, too short or too long, has larger
diameter and larger average distance than that with
middle-sized bypass lengths. It is the same for broadcast
as shown in Fig. 1. Zhang et al. [13] also found that an iBT
network with diverse bypass lengths always leads to a
shorter diameter and average distance. This, however,
does not guarantee a shorter line broadcast time. For
example, Table 1 shows that iBTð642; bb ¼ h6iÞ with larger �
and � broadcasts faster than iBTð642; bb ¼ h4; 16iÞ. Fig. C of
Appendix 3, which is available in the online supplemental
material, also illustrates: bb ¼ h6i boosts the link utilization
faster and higher than bb ¼ h4; 16i does. This very fact
necessitates optimization for broadcast over iBT networks.

Moreover, for larger networks, we observe counter-
intuitive variations in � and � resulting from an improper
bypass scheme. Such behavior appears obvious for
�ðiBTðn2; bb ¼ h24iÞÞ and �ðiBTðn2; bb ¼ h24iÞÞ in Fig. 3 as
well as in TxðiBTðn2; bb ¼ h24iÞÞ in Fig. 2. Thus, an iBT
network with bb ¼ h24i is inferior in terms of scalability over
an iBT network with other bypass schemes.

We also noticed that the inferior performance in � and �

is propaged to the inferior broadcast performance as
illustrated in Fig. B of Appendix 3, which is available in
the online supplemental material.

These facts help guide the search for the optimal bypass
scheme for given communication patterns. For example,
while performing Fast Fourier Transform in iBTð642; bbÞ,
bb ¼ h6i, a favorable bypass scheme for broadcast, is
sufficient for FFT which requires much more long-ranged
(broadcasts) than short-ranged communications. Our sec-
ond example is the high-performance LINPACK bench-
mark that uses the recursive panel factorization with the
pivot search and column broadcast combined. The pivot
search has fewer local data exchange than column broad-
cast. Thus, local data exchange requires a network with a
short diameter to minimize latency while the column
broadcast requires maximal bandwidth capability. To meet

both demands, iBTð642; bb ¼ h8; 24iÞ appears to be the best

option as shown in Table 1.
In summary, as the network size increases to a million

nodes with dimensionality from 2 to 4, the iBT networks

with fixed bypass schemes always outperform the torus

networks of the same dimensions measured in � and � and

Tx as shown in Figs. 5, 6, and 7.
Interlacing bypass links is more efficient than adding a

dimension to torus for improving the network performance

for most applications. For a one-million-node system iBT

can improve � and � by 40 percent in Fig. 6. The iBT

network with a fixed bypass scheme performs line broad-

casts faster than a torus of the same node degree though it

has more nodes in the broadcast group. This advantage

intensifies as the network increases, for 2D case.

5 RECTANGULAR BROADCAST

We study the rectangular broadcast algorithm for the iBT

network and examine the performance dependencies on

bypass schemes, network sizes, and dimensionalities.

5.1 Algorithms

For a rectangular broadcast in an iBT network, we combine
the multi-color spanning tree algorithm for a torus [19] with
the line broadcast algorithm described and optimized in
Section 4. The multicolor spanning tree algorithm is
effective in avoiding congestions while the line broadcast
is optimizable for the iBT networks. For example, in the 2d
link-disjoint spanning trees in Torus(nd) ðd � 2Þ, a line
broadcast algorithm can be applied recursively in each of
these trees [19]. The broadcast time of a k-packet message
evenly over these 2d separate spanning trees is

TallðTorusðndÞÞ ¼ dðn� 1Þ þ dk=2de � 1: ð5Þ

The first packet spends dðn� 1Þ steps to reach the

farthest node and the remaining packets spend ðk=2d� 1Þ
steps to pipeline into that final node.

Particularly, the broadcast time over TorusðndÞ is

Txy Torus nd
� �� �

¼ 2nþ dk=4e � 3: ð6Þ

Similarly, we decompose the links in iBTðndÞ into d,

instead of 2d, link-disjoint groups and recursively apply this

line broadcast algorithm along every dimension of the

groups. An example of a two-color scheme is illustrated in

Fig. 10 of Appendix 4, which is available in the online

supplemental material.
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Fig. 8. Performance improvement ð�Þ versus N in terms of Tx and
Txy ðk ¼ 32Þ.

Fig. 7. Performance improvement ð�Þ versus N in terms of Tx and
Txy ðk ¼ 32Þ.



Accordingly, a two-color rectangular broadcast is ap-

plied on this iBT network. A k-packet broadcast message is

decomposed into these two groups of packets: k1 and k2

packets to broadcast simultaneously in the 1-color and 2-

color groups: k ¼ k1 þ k2. These k1 packets to broadcast in

the 1-color groups are referred to as 1-color packets;

likewise, the k2 packets as 2-color packets.
We construct a rectangular broadcast algorithm for iBT

networks starting with the assumption: a message is to
broadcast from node ~s in the ith1 and ith2 dimensions where
i1; i2 2 UðdÞ and i1 6¼ i2. Then, we have the procedures of a
rectangular broadcast algorithm.

1. ~s initiates two independent line broadcasts in
parallel: broadcast k1 1-color (or k2 2-color) packets
in the ith1 (or ith2 ) dimension.

2. A node ~x that satisfies �cð~x;~sÞ ¼ fi1g broadcasts the
i1-color packets in the ith1 dimension; likewise, a node
~x that satisfies �cð~x;~sÞ ¼ fi2g broadcasts the i2-color
packets in the ith2 dimension.

3. A node ~x that satisfies �cð~x;~sÞ ¼ fi1; i2g forward a
newly received packet to its neighbors in the
dimension the packet comes from.

4. A node ~x that satisfies �cð~x;~sÞ ¼ fi1; i2g forward an
i1-color or i2-color packet to its nearest neighbor ~y if
�cð~y;~sÞ ¼ fi2g or �cð~y;~sÞ ¼ fi1g.

In the first step, a source node always selects a favorable

pn for each of these two line broadcasts.
As observed in Section 4.3, a node always broadcasts

faster in its bypass dimension than in any other dimension

so we adjust k1 and k2 in a range, i.e., jk1 � k2j � dk, for

minimizing the total broadcast time Txy. Also, a node

always selects one of the favorable packet-sending patterns:

IntðpnÞ 2 f1; 3; 5; 7g in a line broadcast hereinafter.

5.2 Performance Dependencies

Bypass schemes. Fig. 9 depicts the impact of various bypass

schemes bb on TxyðiBTðn2; bbÞ; 0Þ. bb is uniform hb1i or hybrid

hb0; b1i with b0 2 f4; 8; 16g and thus b1 indicates the longest

bypass length. The horizontal and vertical axes are b1 and

TxyðiBTðn2; bbÞ; 0Þ.
Network sizes. While increasing the network sizes N

from 2K to 65K, Fig. 10 presents TxyðiBTðn2; bbÞ; 0Þ with

selected bb 2 fhb1i; hb0; b1ig where b1 2 f8; 16; 24g. The verti-

cal and horizontal axes are Txy and the network size N

expressed in logarithmic scale to the base 2. In this figure,

we found that the Txy is the lowest at bb ¼ h8; 32i.
Dimensionalities. When the dimensionality d runs from 2

to 4, Fig. 11 presents TxyðiBTðnd; bbÞ; 0Þwhere bb 2 fh2di; h4dig
and TxyðTorusðmdþ1ÞÞ versus network sizes.

Through fitting these date, we present Txy as functions of
network size N :

TxyðiBTðn2; bb ¼ h8; 32iÞÞ ¼ 1:75 �N0:2 þ 16:22; ð7:1Þ

TxyðiBTðn3; bb ¼ h6iÞÞ ¼ 0:54 �N0:27 þ 14:97; ð7:2Þ

TxyðiBTðn4; bb ¼ h8iÞÞ ¼ 1:09 �N0:16 þ 14:15: ð7:3Þ

5.3 Performance Analysis

We compare the performance of the rectangular broadcast
over an iBT network and a torus network. In our analysis,
the torus network has either the same network dimensions
or the same node degree as the iBT network. Using the
functions in Table 2, we present �ðf ;n; d; bbÞ and �ðf ;n; d; bbÞ
where f 2 f�; �; Txg in Figs. 5, 6, 7, and 8.

The impact of the bypass schemes on the rectangular
broadcast is remarkably similar to that on the line broadcast,
i.e., an iBT network with a suitable uniform bypass scheme
broadcasts as fast as those with hybrid and longer bypass
schemes. For example, Fig. 9 shows that iBTð642; bb ¼ h6iÞ is
one of the 2D 4K-node iBT networks that broadcast k
packets the fastest but it requires the shortest bypass length.
Similar to Fig. 3a, Fig. 10 shows that some bypass schemes,
e.g., bb ¼ h24i, have an inferior rectangular broadcast than
other schemes.

Fig. 7 shows: as the network size N increases, the fixed-
length bypass schemes improve the rectangular broadcast
over torus by more than 60 percent and such improvement
improves further with increasing network sizes.

Fig. 8 shows: 2D iBTðn2; bb ¼ h8; 32iÞ broadcasts faster
than 3D Torusðm3Þ in a larger rectangular broadcast group
by more than 70 percent. Particularly, iBTð642; bb ¼ h8; 32iÞ is
more efficient than Torusð163Þ in boosting the link utiliza-
tion as illustrated as in Fig. D of Appendix 3, which is
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Fig. 9. TxyðiBTð642; bbÞ; 0Þ versus b1.
Fig. 10. TxyðiBTðn2; bbÞ; 0Þ versus N.

Fig. 11. TxyðiBTðnd; bbÞ; 0Þ and TxyðTorusðmdþ1ÞÞ versus N .



available in the online supplemental material. Fig. 11 shows:

interlacing short-length bypass links, e.g., bb ¼ h2di, enables

outperforming a torus with the added more dimension.

6 GLOBAL BROADCAST

6.1 Algorithms

The global broadcast algorithm for general iBT networks can

be derived from generalizing the rectangular broadcast

algorithm. In a 3D iBT network, three colored groups can be

formed to route a message decomposed into three cate-

gories: 1-/2-/3-color packets. Starting from the source, 2-

colored packets are broadcasted first in y-dimension, then z-

dimension, and finally x-dimension. The same procedure

can be carried out for two other colored packets until all

nodes are filled with the original message. Starting with an

assumption: a message is to broadcast from node ~s to all

dimensions ðd � 2Þ, we have the procedures of a global

broadcast algorithm.

1. ~s initiates d independent line broadcasts in parallel:
broadcast ki i-color packets in ith dimension.

2. A node ~x broadcasts i-color packets in the jth
dimesion 8j 2 �cði; kmð~x;~sÞÞ if and only if it satisfies:
i 2 �cð~x;~sÞ and �cði; kmð~x;~sÞÞ 6¼ ;.

3. A node ~x forward a newly received i-color packet to
all of its neighbors in the dimension the packet
comes from if and only if i 2 �cð~x;~sÞ.

4. A node ~x forward a newly received i-color packet to
its nearest neighbor ~y if i 2 �ð~y;~sÞ.

An example of six categories of nodes in a 3D iBT

network is illustrated in Fig. 14 of Appendix 5, which is

available in the online supplemental material.

6.2 Performance Dependencies

Figs. 12 and 13 present TallðiBTðnd; bbÞÞ for d 2 f3; 4g with

various bypass schemes as the network size increases. By

fitting these data, we obtain Tall as functions of network

size N :

TallðiBTðn2; bb ¼ h8; 32iÞÞ ¼ 1:75 �N0:2 þ 16:22; ð8:1Þ

TallðiBTðn3; bb ¼ h6iÞÞ ¼ 0:54 �N0:28 þ 14:71: ð8:2Þ

It is difficult at this moment to extra physical meanings

of the fitted parameters (coefficients and exponents). It is

tempting to argue that these parameters carry first-principle

interpretations.

6.3 Performance Analysis

We compare the one-to-all broadcast performance between
an iBT network with a fixed bypass scheme and a torus
network of either the same network dimensions or the same
degree in Figs. 7 and 8. Figs. D and E of Appendix 3, which
is available in the online supplemental material, compare
the link utilizations of selected 2D/3D iBT networks with
3D/4D torus networks.

Experiments described in Section 6.2 reaffirm that
adding bypass links to the torus networks improves the
one-to-all broadcasts speed by 80 percent as shown in Fig. 7.
The iBT networks constructed this way also outperforms a
higher dimensional torus by 60 percent as shown in Fig. 8.
Figs. D and E of Appendix 3, which is available in the online
supplemental material, also demonstrate that an iBT net-
work can boost the link utilization more efficiently and thus
complete the one-to-all broadcast more quickly than a torus.

7 DISCUSSIONS AND CONCLUSIONS

We design the line, rectangular, and global broadcast
algorithms for iBT networks in a generic way in order to
balance the bandwidth utilization and congestion reduc-
tion. Performing extensive numerical experiments on these
algorithms, we understand their performance dependencies
on the network size, dimensionality and bypass scheme.

By fitting the performance metric f in middle-sized iBT
networks, we conveniently analyze the scalability of an iBT
network with its torus originals in Figs. 5, 6, 7, and 8. For
networks with up to 1,000,000 nodes and node degree no
more than 10, an iBT network with fixed-length bypass links
always outperforms a comparable torus of the same degree.
For example, in terms of the diameter and the average node-
to-node distance, rectangular and global broadcasts,
iBTð10002; bb ¼ h8; 32iÞ outperforms the Torusð1003Þ by ap-
proximately 80 percent.

The iBT network broadcasts faster than a comparable
torus in a regular collective communication pattern. More
importantly, the iBT network can broadcast more efficiently
than the comparable torus in an irregular pattern.

The maximization of broadcast bandwidth is achieved
by the wrap-around connections in torus and by the bypass
links in an iBT network. It is, however, difficult to leverage
on the wrap-around connections for the irregular broadcast
patterns thus broadcast efficiency in a torus is greatly
diminished. On the other hand, the iBT network with its
short fixed-length bypass links has relaxed such restrictions
and improved the performance even for larger networks, as
shown in Figs. 7 and 8.
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Fig. 12. TallðiBTðn3; bbÞ; 0Þ versus N. Fig. 13. TallðiBTðn4; bbÞ; 0Þ versus N.



The iBT networks, with strategic addition of bypass links

to the underlying torus networks and methodical utilization

of such links, not only have a short network diameter and

average node-to-node distance but they also provide a

natural infrastructure of efficient global communications

such as broadcast.
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